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Abstract

We show that the Laplace—Runge—Lenz vector (LRLV) generates the Infeld—
Hull radial factorization and the pair of isospectral Hamiltonians for the non-
relativistic Kepler—Coulomb quantum problem. To do this we only use the
LRLV and arguments of general soundness. Finally, the well known restrictions
on the orbital angular momentum and the principal quantum numbers are
rederived from the corresponding ladder operators.

PACS numbers: 0365, 0230T, 1130P

1. Introduction

Since the early days of quantum mechanics, the Schrodinger equation has been solved for
a large number of potentials employing a variety of approaches. The solutions of certain
potentials have been given using the constants of motion of the problem [1, 2] and using
the factorization method [3], for example. Although the methods of solution usually focus
on different aspects of solvable potentials, they are not independent from each other. In
fact, supersymmetric quantum mechanics (SUSYQM) [4] is related [5] to the factorization
method and some algebraic approaches [6]. Also, for some systems, SUSY charges have been
investigated in connection with the constants of motion of the problem [7, 8].

It is well known that the non-relativistic Kepler—Coulomb quantum problem (NRKCQP)
can be solved with its constants of motion [1] and by factorization techniques [3]. The Laplace—
Runge-Lenz vector (LRLV), A, is the one responsible for the accidental degeneracy of the
hydrogen atom’s energy levels with respect to the orbital angular momentum quantum number,
£ [9]. The radial ladder operators for the reduced wavefunction f,,(r), acting on ¢, obtained
by the Infeld—Hull (IH) factorization method have been related to the operator A [7, 10, 11].
The first work in this direction was that of Coish [10]. He used Pauli operators and found that
the vectors L and A obey the so(4) algebra [12]. Moreover Biedenharn and Louck in [11]
derived some results of [10]. To do this they considered the electron as a Pauli particle. They
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also employed Dirac radial decomposition as well as the properties of the Dirac operator
K = —(o - L+ 1), and those of the operator o - A. In [7] Tangerman and Tjon identified the
SUSY charges by using the spin degrees of freedom of the electron. It can be concluded from
the previous works that the spin operators and their properties seems to be essential to obtain
their results.

In this paper we show the relation between A and the supersymmetric approach of
the NRKCQP from a different point of view. We show that the IH factorization and the
supersymmetry of the problem is only generated by the LRLV and arguments of general
soundness. By doing this we apply the spherical components of A to any state wavefunction
of the full function space spanned by the solutions of the Schrodinger equation. An idea similar
to ours has been simply suggested by Grosse [13].

In the next section, for the NRKCQP we apply the spherical components AL and Ay
of A to any state Vuem = Yem (0, @) fre(r)/r, without the restriction m = ¢ of Grosse [13]
and Granados [14]. This procedure allows us to obtain the radial ladder operators for f,,(r),
acting on ¢, and therefore it shows that they are restrained in A. We arrive at this conclusion
by imposing our results to be consistent with those derived from the Wigner—Eckart theorem.
We stress the fact that no spin operators are needed in our formalism. Moreover, we also note
that such deduction does not use either the Dirac radial decomposition or the particular state
Ynee of the system.

In section 3, by means of a simple argument, we show how the ladder operators obtained
in section 2 must coincide with those of the IH factorization method, to be consistent with
the radial Schrodinger equation. Also in this section, we show that the form of the known
superpotentials of the problem is connected with one of the necessary conditions, in order to
apply the IH factorization method. In section 4 we find the constraints for the quantum numbers
n and £ so that the corresponding ladder operators are well defined. Finally, in section 5, we
give some concluding remarks.

2. The operators A, Ay and ladder operators for f,.(r), acting on £

It is well known [1] that the Hermitian LRLV

_ ]! _ 27
A_M{Z(pr pXL)+;Ler} (D

represents the constant of motion associated with the dynamical symmetry of the non-
relativistic quantum problem with potential —e/r. Here p (L) is the linear (angular) momentum
operator for a spinless particle of mass . Equation (1) is equivalent to

A= ﬁ{—x,-p2+pﬂ‘-p+/w2%] i=1,2,3. @)
This implies that
Ay = ! {(x:l:iy) <—p2+“—ez>+(p +ip )'r-p} 3)
V2RE r e
and
Ap=A, = : {z(—p2+“—ez>+pr—p}. )
z m r z

We want to apply the spherical components A+ and A to any element of the standard basis,
Yem, Of the wavefunction space of a spinless particle &,.. Any central-potential wavefunction
is necessarily [9] of the form

1ﬁn(fm =Y (97 ¢)Rn€ (V) (5)
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This state is an eigenfunction of the constants of motion H, L? and L.. Y,,(0,¢) =
ﬁPgm (0)e!™? is a spherical harmonic, and R, (r) satisfies the radial Schrédinger equation

h2
[;Hz] TRy (r) = Eper Ry (1) (6)
where
2 e+ 2 d?
2H) = ——— ——=——+V@). 7
¢ dr? * r2 aor dr? VoY @)

V (r, £) denotes the effective potential of the problem, and ag = 12/ e
By expressing the operators (x £ iy), p® and r - p in spherical coordinates, we find

(x £iy) = rsinfe*? (3)
10 0 L +1)
2 2 2 2
= —h"—— — | +h 9
p r2 or (r ar) r2 ©
.0
rep=—ihr—. (10)
ar
On the other hand, we have that
0 0
px £ipy=—ih|—+i—|. (11)
’ ox ay

By substituting equations (8)—(11) into (3), we obtain

1 , 13 9 n2ee +1 B] 9 B]
AL = sinfe? | n2—-— (2 — —¥+,uez - —+i—)r—1¢.
V2uE ror ar r dx ay /) or

(12)
Substituting equations (9) and (10) into (4) leads us to
1 19 3 nee+1 a\ 9
Ao = — leoso [m2 1 2 (20 ) _PEEHD o] g2 (2,20 (13)
V2UE r or ar r az /) or
We define f,¢(r), g,,, and g; as
Jne(r) =rRy(r) (14)
_ d
o+l E—d—r+u(r,ﬂ+l) (15)
and
;= i+u(r £) (16)
g[ - dr b}
with
£+1 1
ur,b+1)= —— 17

€+ Day
Equation (14) defines what we have called the reduced radial wavefunction.
By applying the operators Ay and Ag to ¥,¢,,, and using recursion relations for spherical
harmonics [15], we obtain
2

h 1 1
AV = ﬁ{(f + Dot Yoy s ( - ;ge_+1>fnﬂ(r) +OBEY oy s ( - ;gz>fne(r)}
(18)
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and

AoYnem = — i {(€+1)VYz 1 <—lg— )fe(r)+€€Ye_1 <1g+>fz(r)} (19)
ntm JIE +1,m ~8ewt ) In m 8¢ | In

where

20+ 1)(2€ +3) Qe+ 12— 1)

\/(E+m+1)(€—m+1) | (€ +m)(E —m)
y = and €= [—— ——.
(20+3)20+ 1) Qe+ 1)2¢—1)

From equations (18) and (19) and the following argument we can recognize the operators
87+ and g7 as ladder operators for f,,(r), acting on £.

It is a general result [17] that if G is an element of the symmetry group of any problem,
then

aizi\/(ﬂim+l)(ﬁim+2) ﬂi::‘:\/(ﬁq:m)(ﬁq:m—l)

GH = HG.
By using this fact and applying the element G to the stationary Schrodinger equation, we obtain
H(Gl//not) =E, (Gwna)

Thus, G, is a solution of the Shrodinger equation corresponding to the eigenvalue E,,.
Therefore, this function can be expanded in terms of the eigenfunctions v, as follows:

GYna = Y _ VnpApa- (20)
B

We note that equations (18) and (19)—as well as (23) and (24)—are particular cases of
this relation, being combinations of eigenstates of Hy,; and H,_;, pertaining to the subspaces
E(U+1,m)and (£ —1, m), respectively. Infact AL, and Aoy, are eigenfunctions of Hy,
which implies that E,; = E,s+1 = E,¢—1. This shows the connection between the dynamical
symmetry of the problem and its accidental degeneracy. Then the spherical components of
A connect all the states with a given energy. Hence the radial operators g,,, and g; in
equations (18) and (19) do not change the index n of the function f,,(r).

Notice that in equation (18) ((19)) the spherical harmonics Ypy1 a1 (Yer1,m) and Yo 4
(Y¢—1,m) are contained in the first and second terms of Ay Y,¢, (Ao¥nenm) respectively. From
the first term of equation (18) or (19), together with (20), we immediately conclude that the
operator g,,, acting over f,¢(r) gives as result only a change in the subindex £, from £ to £ + 1.
This is because the second subindex in f;,,(r) must coincide with the first one of the spherical
harmonic Y41 41 Or Yy41,,. Formally this means that

81 Jne(r) & fuer1(r). (21)
Similarly from equation (20) and the second term of equation (18) or (19) it follows that
8i fue(r) e fre—r (r). (22)

The relationships (21) and (22) are confirmed by comparing (18) and (19) with the well
known expressions [11]

Ainem = :Fa(:l:ai)wn,éﬂ,mil + ﬂ(:Fﬂi)l/fn,e—l,mil (23)

and

AoVnim = QY Yntetm + BEVn e—1,m 24
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which follow from the application of the Wigner—Eckart theorem, with

a=yJ/n+l+H(n—€—1) and B=+m+0n—1).

We note from equation (23) (equation (24)) that A+ Vem (Ao¥nen) 1S @ combination of
Ynerime1 and Ve 1me1 (Ynes1m and ¥oe—1,,), which is not true if we only consider the radial
part of the states.

We can say about the recurrence relations (21) and (22) that:

(a) These relations cannot be a consequence of the Wigner—Eckart theorem, but of the explicit
application of Ay and Ay to any element ¥,,,,. We also note that the condition m = ¢
that was imposed in [13] is superfluous.

(b) The first (second) of them transforms the radial part of any state in the subspace & (¢, m) of
H, into the radial part of the corresponding state in the subspace £ (£ + 1, m) (E(£ — 1, m))
of Hyy1 (Hy—1). This suggests the origin of the supersymmetric approach to the radial
problem. However, according to equations (15) and (16), the operators g, and gj are not
defined. Because of this if £ = —1 we have that g ), fa—1) = &g fu(-1) cannot be
fno in spite of equation (21). Analogously, if £ = 0 then g} f,o cannot be equal to f;,(_1)
in spite of equation (22). This implies that there is no ladder operator that transforms
Jfno(r) into any state with £ < O (if it existed). Conversely, there is no ladder operator that
transforms a possible state with £ < O into to the state f,o(r). Therefore the structure of
the operators in equations (15) and (16) enables us to conclude that

Ligin = 0 (25)
which is a standard result.
Incidentally, we note that equations (18) and (19) are still valid when £ = 0 because their
term that contains g is proportional to £.
(c) We can combine them to obtain the relations
8i180s1 Jue(r) & fue(r) 8y &4 fue(r) o fre(r)
or equivalently
(80418041 — k1) far(r) =0 (26)
(8,8 —k2) fue(r) =0 (27)

where k| and k; are constants that we will determine in the following section. The operators
in equations (26) and (27) are related to the radial Hamiltonian of the problem, Hy, by the

equalities
874181 = 2(He +1¢) (28)
g0 8 = 2(Hy+ne-y) (29)
with
1 2
2ng=—"""—1) . 30
e <(£+1)a0> (30)

As a final comment, we note that according to equations (18) and (19) the operators A
and A can be written as

(%)~ Foroams () () i () (2]
A0 ) = VE vai+1 Lvaees \ )\t ) T A= o ) TR

where the operators Qll 2+ and 2, defined in [16] are related to the operators of the 03>
algebra associated with spherical harmonics.
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3. Relation between g operators, the IH ladder operators and SUSY charges

Starting from the fact that f;,,(r) satisfies the equation (6)

(2He = ) fue(r) =0 €1y

with A = 2 E /h? (for E < 0).
Next, the substitution of equations (28) and (29) into (26) and (27) leads us to

[2(He +ne) — kil fre(r) =0 (32)
[2(H; + ne-1) — k2l fue(r) = 0. (33)
Since equations (31)—(33) must be equivalent, we find that
ky =\ +2n (34
ko = A+2ne-. (35
Therefore equations (32) and (33) take the form
81801 Sae(r) = [+ 2] fue(r) (36)
8y 8¢ [ue(r) = A +2n0-1] fre(r) 37)
which are correct if relations (21) and (22) satisfy the equalities
8ot Jue(r) = /A + 200 fre1 (r) (38)

8¢ Jue(r) = /A + 2001 fre—1(r). (39)

The operators defined in equations (15) and (16) that satisfy (38) and (39) are identical to
those obtained by means of the IH-factorization method. In fact, they reproduce the results of
the class I type F IH factorization for the Kepler—Coulomb (KC) problem [3]. In the previous
section we showed that these operators can be deduced by using an independent and more
fundamental procedure than that used by other authors [7, 10, 11].

On the other hand [18], a Hamiltonian of the type

H L& +V(r) (40)
= ——— r
2dr?
would admit only one of the forms
H? =00~ or HY =0 0" (41)
where
1 d dy
+
== —+ = 42
0" =3 (:Fdr dr> *2)
and x = x(r), only if F = dx/dr = x’ satisfies the Riccati equation
F?—F if H admits the form H®
Vi) = . , 1 am?s e form 1 43)
F*+F if H admits the form H".

H©® and HY are the two isospectral Hamiltonians, except in the ground state. They can be
viewed as the bosonic and the fermionic components of the matrix SUSY Hamiltonian

HD 0 ,
=" o) = H0E PP

in which [ is the unit matrix and o3 is the Pauli spin matrix [4]. The quantity F'(r) is generally
referred to as the superpotential in SUSYQM literature [5].
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Since the energy of the hydrogen atom ground state is not zero, its Hamiltonian H, does
not admit any of the forms H® or H [19]. However, we observe that the equations

F?—F =V, 0)+2n,=2V" (44)
F2+F =V, e+1)+2n,=2v0 (45)

are satisfied simultaneously by

1 £+1

FE—M(T,E‘FI):m—T

(46)
In fact, the superpotential F' satisfies simultaneously equations (44) and (45).

Because 7, is not a function of r and it appears in V@ and V" with the same sign, the
nonlinear differential equations (44) and (45) imply the relation

LV, €) + V'(r, £+ 1)

wr bt D = — Ve e+ )

(47)

where V/ = dV/dr.

We recognize equation (47) as one of the necessary conditions for the IH factorization [3]
of the Schrodinger equation, (31). Such factorization is confirmed by the existence of
equations (38) and (39), whose effect in equations (28) and (29) is to eliminate all reference
to 1, allowing us to recover the radial Schrodinger equation of the hydrogen atom.

As we have already said in section 2, equations (28) and (29) naturally lead to the well
known pair of isospectral Hamiltonians of the problem [20]. In fact, from equation (28)

1 1
(He +n¢) = (ﬁgh) <Egz_+1> =00, (48)

From equations (7) and (44) it follows that

1 d?
10, =—>—+VO=HO 49
which is a Hamiltonian of the form given by equation (40). Analogously, by making the change
£ — ¢ + 1 in equation (29) and using (7) and (45), the associated Hamiltonian is

2
HY = 0,0} = 537+ v, (50)
From equations (49) and (50) we can see that the effective potentials for two consecutive
values of £ determine the supersymmetric partner potentials V@ and V", from which the
hydrogen atom spectrum can be obtained. For this purpose the restriction n > £+ 1 is imposed
a priori by other authors [20,21]. We will see in the next section how this restriction can be
deduced with the help of the ladder operators for f,,(r) acting on n.
The basic idea to obtain such a spectrum is to use the fact that the application of H® to
the state with maximum admissible value of £, consistent with », satisfies that

HO % = 08O} fuen) = 0. (51)

This relation implies the existence of a state of the hydrogen atom spectrum that serves as an
eigenstate with a vanishing eigenvalue for the Hamiltonian H®. The remaining part of the
KC spectrum is obtained by means of the successive application of Q}_, [20].
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4. Restrictions to the quantum numbers n and ¢
Equation (31) can be rewritten as

d2 2
{—r2— + [—M - (-M)ryee+ 1)“ fae(r) =0 (52)

dr? apg(—=1)1/2
that suggests the form
(Op +L(L+ 1)) fre(r) =0 (53)
where O, is defined as
d2 0,2’.2 d2
0n=—r2@+|: 1 —nar}:—r2m+U(r,n) 54)
with
2ue?
_ -1 -1/2 _
n=a, (—A = —F
0 ( ) O’hz
and
SUWE
o2 =— 2 = —4) (E <0).

We denote the ladder operators for the reduced radial wavefunction f,,(r), acting on n, by ¢
and ¢, such that

O fae () o frpre(r) (55)
@, Fue@) o fru_10(r). (56)

These operators have been derived following a method more general than the IH-factorization
method [22], and are given by

. r d
= —— — N —T7— (57)
nay dr
LA (58)
=— —n+r—.
n nay dr
The operators ¢ are formally defined by
n=#0 (59)

which is consistent with the non-existence of the state fy,(r) in the hydrogen atom spectrum.
Furthermore, from equations (15), (17) and (51) the state f,,;__(r) satisfies

max

_ 1 loax+1  d
we.. = | — + — — ) fue, =0 60
Stpucrt it ( e T ) e ®) (60)
which, according to equation (58), is formally equivalent to the expression
L
@) b (1) = 0. (61)

Evidently equation (61) is a particular case of (56). From this we conclude that the subindex
of ¢, ., mustbe equal to the first subindex of f,,,,. This means that n = €nax + 1, or

lax = n — 1. (62)
Equations (25), (59) and (62) lead us to
0<e<n—-1 and n>0

which, as we saw above in this section, can be obtained by imposing on both f,,(r) radial
ladder operators (those that act on £ and those that act on ) the condition to be well defined,
along with the existence of the so-called ground state f,,  [20] that satisfies equations (60)
and (61).

max
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5. Conclusion

We have found for the KC problem that there exists a straightforward connection between the
constants of motion associated with the dynamical symmetry, the radial factorization of the
problem and its supersymmetric treatment. This explicit connection has been directly found
when the spherical components of the LRLV act on any arbitrary element in the standard
basis of the state space &,.. Therefore, our procedure turns out to be more fundamental than
those used in other papers, since it allows us to reproduce independently the results of the ITH-
factorization method, as well as those of the supersymmetric approach that admits the radial
part of the problem.

Acknowledgments

The authors acknowledge useful conversations with M Santillan and F Barrera. This paper
was partially supported by SNI and COFAA-IPN.

References

[1] Pauli W Jr 1926 Z. Phys. 36 336
[2] Jauch J M and Hill E L 1940 Phys. Rev. 57 641
[3] Shrodinger E 1940 Proc. R. Ir. Acad. A 46 9
Shrodinger E 1940 Proc. R. Ir. Acad. A 46 183
Shrodinger E 1941 Proc. R. Ir. Acad. A 47 53
Infeld L and Hull T E 1951 Rev. Mod. Phys. 23 21
[4] Witten E 1981 Nucl. Phys. B 188 513-54
[5] Cooper F, Khare A and Sukhatme 1995 Phys. Rep. 251 267
[6] Balantekin A B 1998 Phys. Rev. A 57 4188
[7] Tangerman R D and Tjon J A 1993 Phys. Rev. A 48 1089
[8] DahlJ P and Jgrgensen T 1995 Int. J. Quantum Chem. 53 161-81
[9] Cohen-Tannoudji C, Diu B and Laloé F 1977 Quantum Mechanics (New York: Wiley) p 779
[10] Coish H R 1956 Can. J. Phys. 34 343
[11] Biedenharn L C and Louck J D 1981 Angular Momentum in Quantum Physics (Encyclopedia of Mathematics
and its Applications) (Reading, MA: Addison-Wesley) p 353
Biedenharn L C and Louck J D 1981 Angular Momentum in Quantum Physics (Encyclopedia of Mathematics
and its Applications) (Reading, MA: Addison-Wesley) p 344
[12] Bargmann V 1936 Z. Phys. 99 169
[13] Grosse H 1991 Recent Developments in Quantum Mechanics ed A Boutet de Monvel et al (Dordrecht: Kluwer)
pp 299-327
[14] Granados V 1991 Rev. Mex. Fis. 37 629-37
[15] Bethe H and Salpeter E 1957 Quantum Mechanics of One- and Two-Electron Atoms (Berlin: Springer)
[16] Englefield M J 1971 Group Theory and Coulomb Problem (New York: Wiley—Interscience) p 19
[17] Davidov A S 1976 Quantum Mechanics vol 65 (Oxford: Pergamon)
[18] Andrianov A A, Borisov N V, Ioffe M V and Eides M 1 1984 Teor. Mat. Fiz. 61
[19] Levai G 1989 J. Phys. A: Math. Gen. 22 689-702
[20] Schwalbl F 1992 Quantum Mechanics (Berlin: Springer)
[21] Valance A and Morgan T J 1990 Am. J. Phys. 58
Sukumar C V 1985 J. Phys. A: Math. Gen. 18 L57-61
[22] Badawi M, Bessis N, Bessis G and Hadinger G 1973 Phys. Rev. A 8 727
Morales J, Pefia J J and Lopez Bonilla J 1992 Phys. Rev. A 45 4259



